Splay states of identical oscillators have been observed on a ring lattice even when the coupling is sufficiently strong to induce the global ordering. It is known that this phenomenon originates due to the absence of long-range interaction in the ring structure. In this work, we show that the splay states can also be observed in d-dimensional hypercubic lattices for d = 2 and 3, where the local interaction dominates. We demonstrate that the oscillators belonging to each line (d = 2) or each plane (d = 3) behave as one single unit in the splay state, which is induced by the symmetry in the system. We generalize the system by considering the heterogeneity of the natural frequency of the oscillators and find that the distorted splay states appear. The dimensional dependence of the splay state is also presented using the basin stability analysis.
Splay states of identical oscillators have been observed on a ring lattice even when the coupling is sufficiently strong to induce the global ordering. It is known that this phenomenon originates due to the absence of long-range interaction in the ring structure. In this work, we show that the splay states can also be observed in d-dimensional hypercubic lattices for d = 2 and 3, where the local interaction dominates. We demonstrate that the oscillators belonging to each line (d = 2) or each plane (d = 3) behave as one single unit in the splay state, which is induced by the symmetry in the system. We generalize the system by considering the heterogeneity of the natural frequency of the oscillators and find that the distorted splay states appear. The dimensional dependence of the splay state is also presented using the basin stability analysis.
Synchronization phenomena have been widely observed in various real systems such as flashing fireflies, cardiac pacemaker cells in the heart, firing neurons in the brain, coupled laser systems, electric power grids, hand clapping in concert halls, Josephson junctions, etc [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . The spontaneous emergence of the synchronization has attracted immense interest in physics, biology, and many other related fields and extensive studies have been performed to understand the underlying mechanism of the phenomenon [13] . As a result, collective properties and features as well as the mechanism of the synchronization have been unveiled and diverse patterns of the synchronization and the origins of the patterns have been found [14] .
Kuramoto model is a representative dynamical system to describe the spontaneous emergence of synchronization in a network of interacting oscillators [15] . In this system, for a given network structure composed of oscillators, each oscillator has a natural frequency which is assigned randomly from the probability distribution g(ω), where the frequency of each oscillator follows its given natural frequency when it is isolated. Each oscillator is then coupled to its neighbor to reduce the phase difference between the two. The coupling strength is controlled globally by using the control parameter K. Intuitively, we can expect that a larger number of oscillators would attend to synchronization as K increases by overcoming the heterogeneity of the natural frequency distribution. In the all-to-all coupled network structure (mean-field limit), it is known that spontaneous synchronization occurs for K > K c [= 2/(πg(0))] [15, 16] .
However, drastic change appears in d-dimensional hypercubic lattices for d ≤ d c (= 4) due to the lack of any long-range interaction. In [17] , behavior of K c , depending on the system size N , was studied in d-dimensional hypercubic lattices for 2 ≤ d ≤ 6 by using the Gaussian natural frequency distribution. They linearized the equations of motion in the strong-coupling regime (K K c ) and connected the dynamics to Edwards-Wilkinson type equation with quenched disorder. They showed that K c → ∞ as N → ∞ for d ≤ 4, which claims that phase synchronization cannot emerge for finite K in the thermodynamic limit for d ≤ 4. In a few independent studies [18, 19] , ring structure (hypercubic lattice of d = 1) composed of identical oscillators was considered.
For a system of identical oscillators, phase synchronization can occur for any K > 0 depending on the initial phases. However, they claimed that splay state can be another stable state in the ring structure. They concluded that the splay state originated due to the absence of long-range interaction in the ring structure by showing that the splay state becomes unstable as the number of nearest neighbors exceeds some critical value.
In this paper, we are interested in whether the splay states can also be observed in the low-dimensional hypercubic lattices of d = 2 and 3 which are distinct from the mean-field limit. In addition, we explore unfolding of the splay states with Gaussian natural frequency distribution which contains heterogeneity.
We study a Kuramoto system composed of N oscillators whose phases φ i ∈ [0, 2π) (i = 1, ..., N ) follow the governing equation,
where A ij is the adjacency matrix of a given network and ω i is the natural frequency of the oscillator i. We consider a d-dimensional hypercubic lattice with length L = N 1/d and use the periodic boundary conditions for the network structure. Each oscillator is numbered to give information of its position in the hypercubic lattice in which each oscillator i is connected to 2d nearest neigh-
. We choose ω i randomly from a certain distribution function g(ω). To be specific, we construct a deterministic set {ω i } for the given g(ω) and N such that i = 1/2 + N ωi −∞ g(ω)dω (i = 1, ..., N ). We then randomly distribute {ω i } to the oscillators [20] . This method reduces randomness and gives i ω i = 0 exactly by means of the symmetric property of g(ω).
We here consider the Gaussian distribution function for g(ω) with zero mean and unit variance:
2 /2 , and measure the complex order parameter,
e iφj numerically in a two dimensional lattice. Fig. 1 (a) displays the behavior of R as a function of K. For K > K c , where the globally ordered state would be expected, we find that value of R for one particular value of K is abnormally small (dropped point) compared to those of its adjacent K values. We take the dropped point and investigate the detailed behavior of the oscillators in the configuration as shown in Fig. 1 (b)−(d). At first,Θ = 0, which means that all the oscillators are in frequency entrainment (φ i = 0, ∀ i ) by the condition i ω i = 0 (Fig. 1 (b) ). However, each group of oscillators in the same row (column) is almost synchronized while phase difference between two adjacent rows (columns) is approximately 2π/L (Fig. 1 (c) ). This result is different from the usual behavior of the globally ordered state where all the oscillators participating in frequency entrainment would be in phase. This state can be described roughly as a splay state of groups of synchronized oscillators. In the end, we check that there is no correlation between φ i and ω i ( Fig. 1 (d) ). We observe these states of the general form Fig. 2 based on simulation data.
We remark that the periodic boundary condition is important for the emergence of such patterns as each pair of oscillators of the opposite boundaries should be approximately synchronized. Periodic boundary condition allows for the direct coupling between the oscillators in each pair.
In a previous study [17] , the same system was studied using the "annealed/adiabatic" initial condition. Under this initial condition, initial phases for each K are not given randomly but the phases of the steady state for the preceding K value are used for the next K value successively. Therefore, dropped point may not have been observed because the system already achieved the global synchronization at the beginning of the dynamics for each K > K c . In addition, we remark that dropped point can be observed for arbitrary K > K c values depending on the initial conditions. This is confirmed by measuring the basin stability, which will be argued later.
To analyze the origin of the distorted splay states, we assume that all the oscillators are identical (g(ω) = δ(ω)). We are interested in the patterns where the oscillators on each line (d = 2) or in each plane (d = 3) are synchronized, which seems unnatural by the rotational symmetry of the hypercubic lattice. We find the origin of such patterns from the translational symmetry of the hypercubic lattice [21] . More precisely, we use automorphism, which is a permutation of the nodes preserving the adjacency matrix. For instance, in the case of a two-dimensional square lattice, consider an automorphism σ given as
Under this permutation, it can be checked whether the adjacency matrix is preserved (i.e. A ij = A σ(i)σ(j) ).
In [22] [23] [24] [25] , it was reported that a set of nodes that permute to each other by an automorphism (mathematical) group can be synchronized. On considering a group σ generated by σ, we find that the nodes belonging to each column (row) are permuted to each other by σ so that they are synchronized. This argument can be extended to three-dimensional hypercubic lattices (See Sec. II in Supplemental Material.).
Next, we show that the splay state of the form
This can be simply proved by inserting this form directly into the right hand side of Eq. (1) with ω i = 0, which gives Ksin(φ *
Then, we show that this state is linearly stable for L > 4. For small deviation from the steady state, φ i = φ * i + δφ i , the rate equation for δφ i up to linear order is derived as where Jacobian matrix J ij ≡ ∂φi ∂φj φ=φ * is given as
To investigate the linear stability of the splay state, we obtain the eigenvalues of the Jacobian matrix. For L > 4, we find that all the eigenvalues, except one that is zero, which are related to the perturbation within the synchronization manifold are negative. Therefore, the splay state is linearly stable for L > 4. For L = 4, multiplicity of zero is larger than one and the other eigenvalues are negative which means that the splay state is neutrally stable. For L < 4, we find that the eigenvalues are positive and thus the splay state is unstable [26, 27] . (See Sec. III in Supplemental Material.).
We ascertain the origin of the roughness in the distorted splay state from the heterogeneity of the Gaussian natural frequency distribution. In contrast with FIG. 1(c) which has roughness, splay state of identical oscillators shows a clear shape of a steady phase distribution which looks like stairs. Judging from these phenomena, the deviation might be a result of heterogeneity of the natural frequency distribution. To check this, we consider a small deviation from the splay state φ i = φ * i + δφ i with |δφ i | 1 ∀ i driven by the heterogeneous natural frequency distribution. Then, δφ i in the steady state follows
We solve this equation by using pseudo inverse of J with the constraint i δφ i = 0, because J is singular. Then, we can show std(δφ i ) ∝ std(ω i ) analytically, where std(X) is the standard deviation of the random variable X. Here, std(δφ i ) = j δφ 2 j /N by using the constraint j δφ j = 0, because j δφ j can have any value owing to the singularity of J (See Sec. IV in Supplemental Material.). This result supports the fact that distortion arises due to the heterogeneity in the natural frequency distribution. We check that direct simulation result shows std(δφ i ) ∝ std(ω i ) for the Gaussian natural frequency distribution in Fig. 3 .
Splay states can be interpreted as locally ordered states because difference between phases of two adjacent lines (d = 2) or planes (d = 3) is 2π/L 1 for L 1 even in the absence of global phase ordering (R = 0). This local ordering can be measured quantitatively by using a new order parameter which was introduced recently in [28] . The order parameter applied to hypercubic lattice is defined as
This order parameter is strongly related to local ordering. For example, we cannot distinguish the distorted splay states from the disordered states by using global order parameter R as both states show R ≈ 0. However, we can address this problem by using ∆ because ∆ ≈ (d − 1 + cos(2π/L))/d > 0 for the distorted splay states but ∆ ≈ 0 for disordered states (See Fig. 4.) . For the higher spatial dimensions, the long-range interaction increases, and as a result, the system would prefer to go to globally ordered state than splay states. We showed that splay states are linearly stable as long as L > 4 irrespective of the spatial dimensions. However, we expect that the volume of the basin of attraction (basin stability [29] ) for the globally ordered state FIG. 4 . Comparison between R(•) and ∆( ) vs. K for the data used in Fig. 1(a) . Two data points on the dotted line are for the distorted splay state with K = 5.6. R ≈ 0 for disordered states with (K 1) and the distorted splay state in common, while ∆ ≈ 0 for the disordered states and is close to unity for the distorted splay state.
would increase and the basin stability for the splay states would decrease for the higher spatial dimensions. In recent times, the basin stability of the splay states in the rings (d = 1) composed of identical oscillators was studied [18, 19] . To test our hypothesis, we compare the numerically obtained basin stability among d = 1, 2, and 3 for the identical oscillators.
For the measurement of basin stability of a specific state, we begin with the identical oscillators of random initial phases φ i (0) for each configuration. We try a large number of configurations by changing initial phases. Then, we estimate the (normalized) basin stability of the state by calculating the fraction of configurations arriving at the state. In the previous studies, general splay states of winding numbers q ≥ 1 were considered for d = 1, but we consider only φ * i (q = 1) because we could not obtain q > 1 cases numerically for d = 2 and 3. The result is shown in Sec. V in Supplemental Material.
We conclude that the basin stability for the globally ordered state increases with increasing d, as we expected. However, the basin stability for the splay states in d = 2 and 3 show unexpected behavior with increasing N . Further study is needed to understand the shapes of the basin of attraction for the splay states depending on spatial dimensions. In addition, the result could answer another question about why the splay states of winding numbers q > 1 are not observed for d = 2 and 3 even though they are linearly stable for L > 4q.
It is known that the mean-field behavior appears when d ≥ 5 [17] . In the mean-field limit, the globally ordered state is the only stable state when K > K c . Therefore, we expect that some critical behavior for the basin stability of splay states should occur at the lower critical dimension d c = 4. It would be worthwhile to clarify how the range of interaction is defined in the hypercubic lattices and how the increasing long-range interaction for higher spatial dimensions affects the basin stability of splay states. Our present results could give an important clue for this important question. We showed numerical results for the distorted splay states of the gaussian natural frequency distribution of unit variance in two-dimensional hypercubic lattice in Fig. 1 in the manuscript. In this section, we find similar behaviors for three dimensions as shown in Fig. S1 . We note that the new order parameter ∆ can distinguish the distorted splay state from disordered states as shown in Fig. S1 (a) even in three dimensions. 
II. SYMMETRY INDUCING SYNCHRONIZATION OF SUBSET IN THE SPLAY STATES
In this section, we argue the relation between the automorphism and synchronization of subset of oscillators in the splay states for both two and three dimensions in more detail.
We considered an automorphism σ and G = σ for two dimensions in the manuscript.
Then, we consider the orbit of i operated by G, ϕ(G, i) = {σ(i)|σ ∈ G}. By the property of the (mathematical) group, it is guaranteed that ϕ(G, i) = ϕ(G, j) for all j ∈ ϕ(G, i).
Therefore, ϕ(G, i) is the subset of oscillators belonging to the same line with i and all oscillators in the two-dimensional hypercubic lattice is grouped into the unique partition of
Here, reduced notation ϕ denotes the subset of oscillators in -th line.
In three dimensions, we consider two automorphisms σ 1 and σ 2 given as
and
If we consider G = σ 1 , σ 2 , all oscillators in the three-dimensional hypercubic lattice is grouped into the unique partition of orbits {ϕ(G,
where ϕ is the subset of the oscillators in -th plane.
In both dimensional cases, we consider general states where φ i = s for all i ∈ ϕ ( = 1, ..., L). Then, all i ∈ ϕ follows the equatioṅ
It means that each subset of oscillators is synchronized when all the other subsets are synchronized at the same time. In this way, symmetry can explain simultaneous synchronizations of all subsets.
III. SPECTRAL PROPERTIES OF JACOBIAN MATRIX TO EXPLAIN THAT SPLAY STATE IS STABLE ONLY WHEN L > 4
In this section, we derive some spectral properties of Jacobian matrix which determine whether the splay state is linearly stable or not depending on L. We can obtain the Jacobian matrix for the splay states by applying the definition J ij ≡ ∂φ i ∂φ j φ=φ * to Eq. (1) with ω i = 0
for ∀ i such as
If we insert expression for φ * i to the above equation, the Jacobian matrix can be rewritten as
From the second form, we can check that J ij = J ji , i.e., J is a real symmetric matrix.
Therefore J is orthogonally diagonalizable. In order to investigate the linear stability of the splay state, we obtain some information of the eigenvalues of the Jacobian matrix.
A. Non-positive eigenvalues of Jacobian matrix for L ≥ 4
We show that the Jacobian matrix for L ≥ 4 is a negative semi-definite matrix whose eigenvalues are non-positive. The incidence matrix M is N d × N matrix whose elements are
) if e connects two nodes i and j but 0 otherwise. From the definition of the incidence matrix, we can derive 
We remark that it is not applicable for L < 4 because some elements of M , Kcos(2π/L) are imaginary numbers. Therefore, J for L ≥ 4 is negative semi-definite matrix and its eigenvalues are non-positive. In this section, we consider negative semi-definite matrix J for L ≥ 4. J has at least one eigenvalue of 0 related to the stability for perturbation of constant phase shift for all oscillators. Therefore, the splay state is stable if there is no multiplicity for eigenvalue 0 of J. However, the splay state is neutrally stable if there is multiplicity for eigenvalue 0 of J. We show that the splay state is stable for L > 4 and neutrally stable for L = 4 by investigating multiplicity for each case.
For the analysis, we decompose the hypercubic lattice into two sub-networks. Adjacency matrices A (1) and A (2) of these two sub-networks (i.e. A = A (1) + A (2) ) are given as
0 otherwise, and
respectively. We use L (1) and L (2) to denote the Laplacian matrices of A (1) and A (2) respectively so that we can derive
When L = 4, the Jacobian matrix is reduced to J = −KL (1) . It is known that multiplicity of the eigenvalue 0 of the Laplacian matrix is equal to the number of connected components of the given network. The number of connected components of A (1) is L, which clarifies the multiplicity of the eigenvalue 0 is 4 in the case of L = 4. Therefore, the splay state for L = 4
is neutrally stable.
When L > 4, we show that there is no multiplicity for eigenvalue 0 by using contradiction.
We assume that eigenvalue 0 has two linearly independent eigenvectors v 1 and v 2 Then,
Since each component in the summations is positive (i.e. v 1 is a real vector because J is orthogonally diagonalizable.), each term should be zero. Thus, v 1i = v 1j for ∀ i,j because all oscillators belong to one connected component for A = A (1) + A (2) . In the same way, we can obtain that v 2i = v 2j for ∀ i,j , which tells us that v 2 is a scalar multiplication of v 1 . This violates the assumption that v 1 and v 2 are linearly independent, which proves that there is no multiplicity of eigenvalue 0 for L > 4. Therefore the splay state for L > 4 is stable. Under these conditions, the first column of U is fixed as
From ω = −Jδφ, we can derive U ω = −ΛU δφ by U = U −1 which comes from the orthogonality of U . This equation can be written componentwise as
For i = 1, Eq. (S7) can be written as j ω j = −λ 1 j δφ j . Therefore, j δφ j can have any value because j ω j = 0 and λ 1 = 0. This property might be given by the singularity of J. We use constraint j δφ j = 0 for the later use. Actually, we checked that ω = −Jδφ is solvable by using pseudo-inverse of J and gives comparable solution with numerical data under this constraint.
For i > 1 with λ i = 0, Eq. (S7) can be transformed into − U ω i /λ i = U δφ i . By using δφ δφ = (U δφ) (U δφ), we can derive the relation between std(δφ i ) and
For the last step, we use the constraint
For a permutationσ : i →σ(i) used to randomly distribute the deterministic set {ω i } to the oscillators, we fix the permutation when we change std(ω i ). Then, the vector ω as a function ofσ and std(ω i ), ω(σ, std(ω i )) = std(ω i )ω(σ, 1). If we average Eq. (S8) over all permutationsσ, the right hand side is represented as
Consequently, we derived the linear relation between the two standard deviations std(δφ i ) ∝ std(ω i ) that we observed in numerical experiments as shown in Fig. (3) in the manuscript. In Fig. S2 (a) and (b), numerically obtained basin stability is shown. We can find that basin stability for globally ordered state increases as d increases as we expected. For the splay states, the basin stability decreases as d increases for small N < 300 which supports our hypothesis. However, the basin stability for d = 3 overtakes it for d = 2 in the range of large N . To investigate the origin of this unexpected behavior, we measure the basin stability of all discovered states for d = 2 as shown in Fig. S2(c) . The result claims that basin stability for the states of 0 < R < 1 which are neither splay states nor globally ordered states increases as N increases, and as a result, the basin stability for both splay states and globally ordered states decreases. In contrast, the states of 0 < R < 1 appear rarely in d = 3. Therefore the basin stability for the splay state for d = 3 could be larger than that for d = 2 even though long-range interaction increases as d increases.
Another remarkable behavior is that basin stability for globally ordered state for d = 1 
